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1 Introduction 



In recent years, due to the intensive development of q— calculus, generalizations 
of some operators related to q— calculus have emerged (see [2, 5, 6, 10—18]). Aral 
and Gupta defined q— generalization of the Baskakov operator and investigated 
approximation properties of these operators in [2]. In [12], Gupta and Radu 
introduced the Baskakov- Kantorovich operators based on q— integers and in- 
vestigated their weighted statistical approximation properties. They also proved 
some direct estimations for error using weighted modulus of smoothness in case 
< q < 1 . In recent study Biiyiikyazici and Atakut [5] introduced a new Stancu 
type generalization of q— Baskakov operator is defined as 



L^(f;q,x) = ^ q ^ g [fc]g! (-*)* /(^T [ n]q + p ) W 

where < a < j3, q 6 (0, 1), / € C[0, 00) and the following conditions are 
provided: 

Let {</?„} (n = 1,2,...) ip n : M — s- R be a sequence which is satisfying 
following conditions, 
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(i) <p n (n = 1,2,...), fc— times continuously q— differentiable any closed 
interval [0, b], 

(ii) p„(0) - l,(n = l,2,...), 

(Hi) for all x G [0, b] , and (k = 0, 1, n = 1, 2, ...), (-l) fe £>£ (p„(a:)) > 0, 
(w) there exists a positive integer m(n), such that 

D k q (^p n (x)) =-[n} q D k q - 1 Vm{n) (x)(l+a k , n (x)) : (2) 

(fc = 0,1,...; n = 1,2,...) and x G [0,6] where ak, n (%) converges to zero for 
n — > oo uniformly in k. 

(v) lim = 1. 

Now, to explain the construction of the new q— operators, we mention some 
basic definitions of q— calculus and Lemma. 

Let q > 0. For each nonnegative integer n, we define the q— integer [n] q as 



n a = 



(l- q n)/(l- q ) if q jLi 
n if q = 1 



and the q— factorial [n] q \ as 



[n],[n-l],---[l], if n>l 
1 if n = 



For the integers n and fc, with < fc < n, the g— binomial coefficients are then 
defined as follows (see [14]): 



[k] q \[n-k] q \ 
Note that the following relation is satisfied 

[n} q = [n-l] q + q n - 1 . 
Definition 1 The q— derivative of a function f with respect to x is 

D q ( f (x)) = iM^m 

qx - x 

which is also known as the Jackson derivative. High q— derivatives are 
D° q (f(x)) = f(x) , D q (f(x)) = D q (D-- 1 (f(x))) , n = 1, 2, 3, ... 
Note that as q — > 1, the q— derivative approach the usual derivative. 
Definition 2 The q— integration is defined as 



a 

I 



f(t)d q t=(l-q)aY J fWa)qi , a > 0. 
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Over a general interval [a, b], < a < b, one defines 

b b a 

J f(t)d q t = J f(t)d g t- J f(t)d q t. 

a 

Definition 3 Let f(x) be a continuous function on some interval [a, b] and 
c€ (a, b). Jackson's q— Taylor formula (see [13,14]) is given by 

fe-i 

where (x — c)£ = — eg 4 ). 

i=0 

First we need the following auxiliary result. Throughout the paper, we use 
ej the test functions defined by ej(t) := for every integer i > 0. 

Lemma 4 (from [5]) For L"'^ (ej(i); q, x) , i = 0,1,2 the following identities 
hold: 

L;'"(eo;«,i) = l, (3) 
^(e, ;9 ,x, = I ^x(l + Ctl ,„W) + H i^, ,4, 

L^(e 2 ; ,x) = j J [ q 2 x 2 (l + a 1Mn) (x))(l+a 2 , n (x)) (5) 



q([n] g + p)' 

[n] ,(2a + l) 
H — ; -o-a; (1 + 



([«], + /*) (H, + /3) 

2 Some properties of Stancu type g-Baskakov- 
Kantorovich operators 

In addition to the above conditions (i) — (v), <p n (x) and ctk,n(%) are satisfied 
following condition: 

(vi) tp n (x)(l + a , n (x)) < 1 , for all x € [0,6] , (n = 1,2, ...). 

In this paper, under the conditions (i) — (vi), we definition a new general- 
ization of Stancu type q— Baskakov-Kantorovich operators as following 
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{k+l] q + q k o 

D k A<p n {x)) 



(/;«,*) = ([»], + /?) Eff^^PM* / /(<T fc+1 *K* 

fe=0 9 ' / w«+«»-M 

(6) 

where x £ M + , n e N, < a < /3. 

Note that, when q= 1, the operators given by (6) is reduced to the Kantorovich- 
Baskakov-Stancu type operators (see [3]) and if we choose q — 1, <p n (x) = 
(1 + x)~ n and a — (3 = 0, we obtain Baskakov-Kantorovich operators (see [1]). 

In each of the following theorems, we assume that q — q n , where {q n } is a 
sequence of real numbers such that < q n < 1 for all n and lim„_ ) . 00 q n = 1. 

Now we give the following Lemmas, which are necessary to prove our theo- 
rems: 

Lemma 5 The following relations are satisfied: 

{k + l] q +q k a 

dqt = ¥TTp> (7) 

/ [k] +gl'-l a \ 

q { U t +» ) 

[k + l] q+q k a 

f 2 \k] +q k (l + 2a) 

j td q t = UlLk q \ 2 ! , (8) 



\ u q+f > ) 



M„+/3 



2 _ [3], [g + q k [k] q ((1 + 3a) [2] q + l) + (1 + 3a + 3a 2 ) g 2fc 



/ 

V ) 



(9) 

Proof. From properties of q— analogue integration, by simple computation we 
obtain (7-9). ■ 

By the following Lemma Korovkin's conditions are satisfied. 

Lemma 6 For all x 6 M + ,n £ N, a, j3 > and < q < 1 , we have 

L< a ^(e ;q,x) = l, (10) 
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(ei ;,,*) = -Pl-x (1 + a llB (*)) + _, g( / 1 + 2Q) N , ( I I . 



[2], ([«], + /?) ' 



L;^)(e 2 ;g,x) 



Wo [ TO ( n )L 

' " (1 + ai,m(«)(^)) (l + a 2 ,„(x))x 
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+ 



(in] q + p) 

[3], + g((l + 3a) [2], + l) 



(1 + ai tn (x)) X + 



(12) 

q 2 (1 + 3a + 3a 2 ) 



[3], ([«], + #) [3] g (K + /3) 

Proof. From definition (6) and the identities (3) and (7), we can easily obtain 



2 ' 



(-x) 



H„+/3 



fc=0 



/ [k]<,+9 fc - 1 <*\ 



= L^(e ;«,a:) = l. 
Now for ei,from (3), (4) and (8) we can write 



L<^){ ei ;q,x) = {[n] q + l3)J2<I- 



Hk-i) D*(ipjx)) k 



k=0 



[k+l] q + q k a 

M q +e 

(~x) K J q- k+ Hd q t 

q { U q+ e ) 



fc=0 



E? 



[*V g fe-i([ n ] g + /3 ) 



+ 7 -2^1 2 n.i i \~ X ) 



[2], ([«], + iS) *=0 

^(ei;g,x) 



[*]„' 



, L^(e ;q,x)+ q{ } + 2a) L^(e ;q,x) 



[n L,(l + a 1 ,„(,)) + ^ (1 + 2 ^ 



W + /3" 



[2] fl (K + /3)' 



5 



The finally, for e 2 , we use (3), (4), (5) and (9), one has 

[fc+l]„ + 9 fc o 



Hh=n D q {<Pn( x )) 



(er,,, x) = ([»], + /?) £ ^ ("«)* / ^ k+ ^d q t 



2> 2 w ■ (-*> 



fc=0 V \q' \ q 



- 1 



■ ^ ^faW) ^ ^fc„-2fc+2 g 2fc " 2 « 2 



k=0 

"72 



+ f),^3<*£» <-,)> r»« (d + ft* |2], + l) ""« + «"° 

[3], ([»],+/?) 



fe=0 J <? 



~ M^l D k q (<p n (x)) , k _ 2k+2 k k _ x ((l + 3a) gV+l) 

2^ 9 ~ntn — q qq a — i 



k=0 



~ MM^kW), ,g 2 l + 3a + 3a 2 
+ 2^« 2 fjfcj i 7 \2~ 
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= L^(e 2 ;q, x) - -^—L^^q, x) + - " . 2 ^(e ; g, *) 



g((l + 3a)[2] +l) f(l + 3a)[2] + l) 
+ ^ 7 ^^L^(e i; g, x) - qa± L^L^(e ; g, x) 

® q H + P) [3], ([»], + />) 

+ g2(l / +3a + 3 -: ) ^(eo;^) 

[3], ([»], + #) 
[»], ["*(«)], 



(l + ai, m ( n )W) (1 + a 2 , n ( x )) x2 



+- 



[3], + g ((1 + 3a) [2], + l)l g 2 (l + 3a + 3a 2 ) 
_ ..a. (i + ai „( x ))xH ^ 



[3], ([«],+/*) [3],([n], + /j)' 



G 



This completes the proof of Lemma 6. ■ 

Using above Lemma, we can obtain following theorem. 

Theorem 7 Let f G C[0, b] , then 

lim L< a ^(f;q,x) = f(x) 

n— too 

uniformly on [0, b] . 

3 Rate of convergence 

Bp (K+), the weighted space of real valued functions / defined on R + with 
the property \f (x)\ < Mfp (x) where (x) = 1 + x 1+2 and M/ is constant 
depending on the function /. We also consider the weighted subspace C p (M + ) 
of Bp given by 

C P7 (K + ) := |/ G Bp^ (M+) : / continuous on K+j . 



The norm in B p is defined as 



neN, 



We can give some estimations of the errors 
for unbounded functions by using a weighted modulus of smoothness associated 
to the space B p 

We consider 

<\ (/;*)= ^p t^t^ ■ 5>0 ' (13) 

It is evident that for each / G B p (K + ) , Sl p (f; .) is well defined and 

P7 (/;£)<2||/||^. 

The weighted modulus of smoothness f2 p ^ (/; .) posseses the following properties. 

n p _ i (f;\5)<(\ + l)n Py (f,S), <5>0, A>0, (14) 

P7 (/;n<5) <nn„ 7 (/;<*), n G JV, 

lim + O P7 (/;5) = 0. 

As it is known, weighted Korovkin type theorems have been proven by Gad- 
jiev(see [9]). 
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Theorem 8 Let q e (0, 1) and 7 > 0. For all non- decreasing f E B p ^(R + ) we 
have 

L<^\f;q,x) f(x)\ < y/ri a > p \ti„;x) (l + L<^\^-x)^ Sl Py (f;5), 

x > 0, S > 0, n G N, where (J, xn {t) := 1 + (x + \t - x\) 2+1 , ip x (t) := 
\t-x\, t>0. 

Proof. Lot fie Af and / e B p (R + ). From (13) and (14), we can write 



\f(t)-f(x)\ < (l + (x+\t-x\j^)(l + ±\t-x\)n p ^f; 

= ^, 7 (t)(i + ^x(t))^(/;«)- 

Taking into account the definition of q— integration, we get 



5) 



[k+l] q + q k c 



[f=+l]„ + 9 fc c 



fe-1 



/ (t) d q t. (15) 



' M„+9 fc - 1 c 
91 fraj +ff 



2 (H,+^) 



Consequently, the operators L*£ a '^ can be expressed as follows 



[k + l]„+q k 



L* n ^\f;q,x)={[n] q +P)Y,1 



fc=0 



(-s)V 



/ (t) <V • 



„fc-2 



(H ? + /3) 



By using the Cauchy-Schwartz inequality and (15), we obtain 



L* n ^(f;q,x)-f(x) 



l k + l] q + d K 



„k-l 



< h 



")E 



fc=0 



1 2 



(ln] q + f>) 



(-xfq"- 1 J \f(t)-f(x)\d q t 



'(Mq+f) 



< {L< a ^{^-x) + \K^\^ x -x)^ Q Py (f;6) 
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Lemma 9 For m E N and q E (0, 1) we have 

L*J a ^(e m ;q,x) <A m , q (l + x m ) , x E R+, n E N, 
where A m ^ q is a positive constant depending only on m, a and q. 
Proof. For k E N and < q < 1 the following inequality holds true 

1 < [k + l] q < 2 [k] q . (16) 
Thus, for m E N, from (1) and (16) we get 



T aBi \ fc(fc-i) Dg (<P n (x)) k 1 

L% p (e m ;q,x) = 2 ri.n . 



fe=0 

x fnl 



+ 



< 



x[n] / 1 + q 
P m ( B )W (! + «o,n(x)) [ ^ + ^ 



+ 



+ 



+ 



» ^ fc(fc-l) *>m( B )W (1 + Q!fc,„(x)) x 
2^ 9 2 F7T1 (- x ) 



[k] q +q k a 



rn— 1 



E 



(-*)' 



[fc], + g fc - 1 a 



0- 



fc(fc-i) 



D q (^m(n)W) (l+a fe ,„(x)) 



>q 

x In 



^ m (n){ X ){ l + a 0,n{ X )) 

x[n] (2 



l + a 



(-*)' 



2 [k] q + q k a 
q k ([n] q +p) 



m — 1 



rc] g + /3 V? 



^fi(e m -i;q,x) + — X^(e m _i;q,x) 



< x + 



< 2m 



(rt \ m— 1 
-J (* [»], + ^(e^-r; «, x) 

1 + 



based on the above inequality and by using the mathematical induction over 
m G N, we obtain 

L^(e m ;g,x) <B m>q (l + x m ), 

x G K+, n G N, where 



B miq := 2m 



(5)^(1^^) 



(17) 
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On the other hand, 

[fc + l]„+9 fc 



L<^{e m ;q,x) = {[n] q + p)Y.^ Dq{ ^ )] (~*)* J e m (q^H) d q t 



[n} q + /3 ~ *tt=n 



x | ([fc + 1] 9 + g fe a) m+1 - g m+1 ([fc], + 9 fe - 1 a) m+1 | . 



Since 

m+l / , \ m+1 



/ \ m-|-i / \ ? 

([k + l] q + q k a) - r +^ [k]q + q k-i a ^ 

)m / \ m — 1 / \ / 

+ g ([fc + l] q + q k a) [[k] q + q k - l a) + ... + q m [[k] q + q k ~\ 



< (m + l) (\k + l] q + q k a 

< {m + l)2 m ([k] q +q k a y , keN, 

from condition (vi), we can write 

L*^(e -ax) < ^)(m + l)(l + a) m r 2"(m + 1) 

([n] q + p) [m+l], 
< A m . q (l + x m ), 

where A ro , g := ("^y^" 1 + T^TTT^ and is § ivcn b y ( 17 )- ■ 



Remark 10 Since any linear positive operator is monotone, from Lemma 9 
we can easily see that L^ Q,,3 '(/; q, .) G £? p ^(R + ) for each f e B p ^ (R+), 7 £ iV . 

Theorem 11 Let f G B p (M + ) 6e a non- decreasing function, then 



w/iere <5„ := , / ^"Jg" T, " +1 ana " j s a positive constant independent on f 

V 9n(H< ! „+/ 3 j 



and n. 
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Proof. The identities (3)-(5) imply 
L< a ^(ip 2 x ;q n ,x) = L<^\(t-xf;q n ,x) 



M„„ [m(n)] Q 



(l + a lMn) (x)) (1 + a 2 , n (x)) x 2 



[3] g „ + ^ ((1 + 3a) [2] 9n + l) 



E 3 U (K„+^)' 
gg(l + 3a + 3a 2 ) 

[3]*. 



(1 + ai,n(s)) x 



2x 



[ 2 L (K„+/3) 



< 



< 



(KjnW + H^x 2 2(3a + 3) l + 3a + 3a : 



9(l + /3) 2 Po (x) 



{[n] Qn V n (x) + l} 



where r?„(:r) := max {ai <n (x), ai, m („)(a;), a 2 ,„(a;)}. 

Since T] n (x) converges uniformly to zero, we have = sup?7 n (x) such that r\ n 

converges to zero as n — > oo. Let 7 G A^ and / e be a fixed function. 
From Theorem 8 and above inequality, we can write 

L$°"®(f;q n ,x)-f(x) 



P 1+ i(x) 



< 



< 



Ln '^{Px^jQiX) 

\ p 2 +l( x ) 



1 + j- yjL' n {a ' p) U> 2 x ;q n ,x)\ n p _ f (/; S n ) 



L* n {a ' p> (^;q n ,x) Po (x) I 1 9(l + /3) 2 Po(a=) 



\ P 2 1+ i(x) 



1 + 



< 12(1 + /3), 
Since 



\ P2( 7 +l)(^) 



1 



. ] _ n} qn Vn{x) + l 

Sn \Qn([n} qn +(3) 



\2+7 



< 



/4, 7 W = (l + (*+!*- a; 

< 2(l + 2 4 + 2 ^((2x) 4+2 ^+t 4 +^)), 
from Lemma 9, we get 

L< a '< 3 \^;q,x)<Xl gn p 2{l+1) (x), 



2{l + (2x + t) 4+2 ^ 
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where A 2 ^ = 2 5 + 2 ^ (2 4+2 t + A A+2 ^ qn ) . Choosing 5 n := ^ J^gg^ and 
^ 7 ,q := 24(1 + /3)A 7 . 9o , where go : = nihi(7„, the proof is finished. ■ 
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